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ABSTRACT
Insufficient roadway sight distance (SD) may become a contribution factor to traffic collisions
or other unsafe traffic maneuvers.  The sight distance (SD) for a two-dimensional (2-d) sag or
circular curve has been addressed in detail in various traffic engineering literatures. Although
three-dimensional (3-d) compound sag and circular curves are often found along ramps,
connectors, and mountain roads, the sight distances for these compound curves are yet to be
analyzed on an exact analytic setting.  By considering human-vehicle-roadway interaction, the
formulas for computing the SD on a 3-d curve are derived the first time on a unified analytic
framework.  The 2-d sag curve SD can also be deduced from these derived formulas as special
limiting cases. Practitioners can easily program these formulas or equations on a user-friendly
Microsoft Excel spread sheet to calculate 3-d SD on most roadways with roadside clearance. This
framework can be extended to estimate SD on roadways with obstacles partially blocking vehicle
headlight beams. 
1. INTRODUCTION
Formulas for calculating sight distance for two dimensional (2-d) roadway curves have
been investigated and analyzed [1]; and the required passing or stopping SD on these
curves has been related to the safe traffic operational speed on a dynamic setting [2, 3].
These formulas have been quoted and documented in various guidelines and manuals
[4, 5].  Many roadways have built-in three-dimensional (3-d) compound vertical and
horizontal curves along some highway connectors, mountain roads, and interchange
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on- and off-ramps. The SD on these compound curves will have direct impacts on the
safe operating speed and/or possible traffic collision patterns in the neighborhood of
these curves.  The sight distance on a 3-d compound sag and circular curve hasn’t been
analyzed on a solid analytic basis although it involves both important safety and design
issues.  In this paper, a complete analytic framework for finding SD on a compound sag
and circular curve is established by taking into account the human-vehicle-roadway
interaction. Important formulas for calculating SD are derived and examined in
conjunction with computing sight distances on these compound curves.  It is also found
that the known SD on a 2-d sag curve can be inferred as a special case of the derived
formulas.  Additionally, a numerical example for computing the SD on a 3-d compound
sag and circular curve is given to demonstrate the analytic framework in an Excel
spreadsheet. 
2. FORMULATION: 
A 3-d curve with both the sag and circular curve features cannot be avoided at occasions,
e.g. constructing and/or designing a roadway for a connector, a curved mountain road
section, an on-ramp or an off-ramp.  In order to keep the both the horizontal and vertical
features of this 3-d curve, one can simply construct it by adopting parameters which
have been employed to characterize a sag and a circular curve on a 2-d plane, namely
(1)
Where quantity d2 = R2 –
L2__
4 and  R > 
L_
2.  The projection of the curve on x-y plane is
a circular curve with a radius ‘R’, and the projection of the curve on x-z plane is a sag
curve in the interval 0≤x≤L.  In addition, the grade of this sag curve is equal to -A at x=0
and A at x=L.  In order to avoid ambiguity in future discussions of this 3-d curve, one
must notice that coordinate x isn’t necessarily a station number for the 3-d curve as it is
assigned to a 2-d vertical curve, the parameter L isn’t the entire length of a 3-d curve but
the length of the curve’s  projection on the x-z plane, parameter ‘A’ isn’t the grade of
the 3-d curve at the beginning point but the initial grade of the curve’s projection on the
x-z plane, and parameter R isn’t the radius of the 3-d curve. In addition, the beginning
and the end points of the 2-d circular and the 2-d sag curve are chosen to merge to one
beginning point and one end point. Curves with partial overlapping between a sag and a
circular curve can exist in theory; but in practice, these curves will likely be discarded
because of operational safety, driver comfort, simplicity and/or geometric aesthetics.
On the other hand, imbedding a sag curve into a portion of a circular curve can reduce
the driver’s SD substantially if not drastically; and embedding a circular curve into a

u x u u u
x d d x Lx Ax x L L
x y z( ) ( , , )
, , ( ) / for
= =
− + − + −


2 2 0
2
0
2
≤ ≤
−



<
− −

x L
x
Lx
d
Ax x
x
L L x
d
A x L
, , for
,
( )
, ( )


>








 for x L
298 Deriving Sight Distance on a Compound Sag and Circular Curve in a Three Dimensional Space
portion of a sag curve may surprise driver with a sharp turn with a much lower safe
operating speed.  
Knowing Eq. (1) traces out a roadway centerline or median, the tangent vector of the
curve t along this compound curve is found by differentiating Eq. (1) once 
(2)
The unit vector tˆ is found by normalizing the tangent vector t⇀ with the function 
T(x)=|t⇀|, namely , where 
(3) 
(4)
The unit normal vector pˆ of a pavement surface, is usually perpendicular to tˆ .  The
pavement crown has little effect in our computation here.  The normal vector pˆ lying in
the x-z plane, is given by
(5)
A vehicle’s headlight position is given by assuming that headlight beam at coordinate
xh is at a height hL above the ground 
(6)
In order to find the SD, the coordinate xp, where the headlight beam tilted with an
angle ‘α’ against the tangent direction intersects the roadway surface, must be
determined in a 3-d space from the following equation,
(7)
where δu⇀ = u⇀(xp) – u
⇀
h(xh), and Eq. (7) holds for both 2-d and 3-d sag curves.  
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3. SIGHT DISTANCE FOR A 3-D CURVE WITH L≥xp–xh
When the coordinate difference, xp – xh, is not greater than the length parameter L, Eq.
(7) yields
(8) 
Where
(9)
(10)
(11)
The implicit solution for the difference xp – xh can be formally expressed as
(12)
For a given ‘xh’, the solution for ‘xp’ is found by iterating Eq. (12) with an arbitrary
positive initial value of ‘xp’ greater than zero but less than 50% of the parameter length
‘L’.  This iteration can be easily programmed into an Excel spreadsheet and the
numerical value of ‘xp’ converges rapidly usually within ten iterations. Once coordinate
‘xp’ is determined, the corresponding sight distance ‘S’ is found by computing the
following integration
(13)
The computation method of evaluating Eq. (13) can be found employing the known
Boole’s Formula [6, 7].  By assigning parameters A, L, R, and hL the values of 0.1,
200m, 200m, and 0.61m as an example. Shown in Figure 1 below are the SD for this 3-
d combined sag and circular curve and the SD for its projection onto the x-z plane as a
2-d sag curve.  It is conceivable that the SD on this 3-d curve varying with headlight
position, decreases from a larger number at the beginning point and reaches its 
minimum of 56.6m at for this example. Please note that the 
sight distance for this 2-d sag curve is less than the SD for the 3d-compound curve
because the 3-d compound curve has one extra horizontal dimension.  However, the SD
for this compound 3-d curve can change by 10% or more as the driver is moving through
the curve, decreasing from a maximal value at the beginning of the curve and to a
minimal value before the driver passing the middle of the curve, indicating a advisory
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speed sign may be required for a sharp compound curve.  Questions concerning the
consistency between the advisory speed and posted speed limit may arise.  The
horizontal SD for the projection of the 3-d compound curve onto the x-y plane, turns out
to be 93.9 m, much higher than the SD for the compound curve, even when an 18-foot
(5.49 m) horizontal clearance away from the centerline of the curve is assumed.  
When a curve becomes two dimensional with uy ≡ 0, Eq. (8) can be reduced a simpler
expression with the approximations of φ ≈ 0, T(xh) ≈ 1, and ℵ(xh) ≈ 1, yielding 
(14)
Substituting xp – xh by the sight distance notation ‘S’, one now derives the well-
known equation that has been quoted by various textbooks for a 2-d sag curve
(15)
4. SIGHT DISTANCE FOR A 3-D CURVE WITH L < S
When parameter L < S, we run into a different physical condition in which a curve is
relatively sharp and a driver can see beyond the curve from one side of the curve when
L A h L SL= + ≥S / ( S tan ) for2 α
A
L
x x h x x L x xp h L p h p h( ) ( ) tan for− − − − = ≥ −2 0α
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Figure 1. The solid line is plotted for the SD on a 3-d compound curve with the
assigned values of A, L, R, and hL, and the SD for the compound curve’s
x-z plane projection is plotted as the dashed line.  
s/he is close to either ends of the curve.  In general, this type of sharp 3-d sag curve is
designed when space or right of way for construction is limited for a variety of reasons.
By solving Eq. (7) using Eq. (1), one derives the following expression when S > L: 
(16)
where quantities ℵh = ℵ(xh), Th = T(xh), and  =A2 + L2/4d2.  It is apparent that the
quantity s* reaches its minimum when xh = 0 because inequality xh < 0 holds upon
deriving the Eq. (16); hence, the coordinate xp, where the minimal sight distance ‘S’
ends is given by 
(17)
Where quantities ℵ0 = ℵ(0), and T0 = T(0).  Equation (17) will be reduced further to
the well known expression of the sight distance ‘S’ for a 2-d sag curve when the 3-d
curve becomes flat, namely when d→+∞, yielding 
(18)
The above expression is exact. When parameter  and quantity ℵ0 are approximated
respectively by ‘0’ and ‘1’ as assumed in various manuals or textbooks for a 2-d sag
curve, the following equation is derived from Eq. (18) for the design sight distance of a
2-d sag curve.  
(19)
Equation (19) has been quoted in various manuals and textbooks.  The exact SD in
the 3-dimensional space, varying with the location of the headlight xh should be
determined by direct numerical computation. Noting that when the 2-d sag curve length
is equal to the sight distance, namely, when L = S = Lc = hL/(A – tanα), Eq. (15) matches
Eq. (19). 
5. CONCLUSIONS
In this paper, a unified analytic framework integrating the vehicle headlight height and
a 3-d compound sag and circular curve is established to determine the SD experienced
by a driver traveling through this 3-d compound curve. Mathematical formulas for
evaluating the compound curve SDs are derived exactly based on the framework.  The
computation of this SD can be easily achieved by introducing the Boole’s algorithm to
calculate the SD with arbitrary desired accuracy. This computational scheme is
programmed into an Excel spread sheet to showcase the determination of the varying
SDs along a compound curve.  The standard form for the centerline or a median traced
out the compound sag and circular curve is given by Eq. (1).  In practices, any non-
standard form of the centerline for a 3-d compound curve can be linearly transformed
L S h A S LL≅ − + >2 [ S tan ] / forα
L S h A S LL= − + + + >2 10[ S ( ) / [ ] forℵ ] tan tanα α
x T h AT L ATp L= + + ⋅{ } − −ℵ ℵ ] ℵ0 0 0 0 0 02 1[ / [ ( ) ] f tan tanα α or S L>
x x s T h L x AT ATp h h h L h h h h− = = + − +{ } −* ( )[ / [ (ℵ ℵ ]2 2 1 tan α − ) ]ℵh tan α
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to the standard form via a 3×3 unitary matrix rotating an arbitrary engineering
coordinate to match the 3-d coordinate for the standard form given by Eq. (1) under the
condition that this standard form may be mirrored through the x-z plane when
necessary.
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